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EXISTENCE OF THREE SOLUTIONS OF
NON-HOMOGENEOUS BVPS FOR SINGULAR
DIFFERENTIAL SYSTEMS WITH LAPLACIAN

OPERATORS

X1A0OHUI YANG* AND YUuJ1 Liu**

ABSTRACT. This paper is concerned with a kind of non-homogeneous
boundary value problems for singular second order differential sys-
tems with Laplacian operators. Using multiple fixed point theo-
rems, sufficient conditions to guarantee the existence of at least
three solutions of this kind of boundary value problems are estab-
lished. An example is presented to illustrate the main results.

1. Introduction

In recent years, existence of solutions of multi-point boundary-value
problems (BVPs for short) for second order differential equations or
higher order differential equations on finite interval has been studied
by different authors, see papers [4-8, 12-19, 22-28]. Different methods
are used in these papers such as the Guo-Krasnoselskii fixed point the-
orem [6], the fixed-point theorem due to Avery and Peterson [3], the
Leggett-Williams fixed point theorem [2, 3], the upper and lower so-
lution methods with monotone iterative techniques [24, 25], the five
functional fixed point theorem [1], and the Mawhin coincidence degree
theory [6], see for examples Ma in [7, 20, 21] and the text book [6]. In
many applications, BVPs consist of differential equations coupled with
nonhomogeneous BCs, see [16, 17]. Papers [9-11] may be first group
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of papers concerned with BVPs with two parameter multi-point non-
homogeneous BCs for second order ordinary differential equations. In
these papers, the existence of lower and upper solutions with certain
relations are supposed.

In [28, 29, 30, 31], by using the upper and lower solution method and
fixed point index theory, authors studied the existence, non-existence
and multiplicity of positive solutions of the following BVP of second
order differential systems

[@p(w/(£))]" + A () f(u(t), v(t)) =0, te(0,1),
(1.1) [6p(v'(1))]" + pha(t)g(u(t),v(t)) =0, t€(0,1)
u(0)=a>0, v(0)=b>0, u(l) =0, v(1) =0,

where ¢,(z) = |z|[P~%z with p > 1, A\, u are non-negative real param-
eters, hla hy € C((Ov 1)7 (07 +OO)), f> g € C([Ov OO) X [07 +OO)7 [07 —|—OO)),
hi(i = 1,2) are supposed to be singular at ¢ = 0 in [31], while h; €
C([0,1],]0, +o0)) and ¢2(z) = x in [30].

Motivated by [29, 30, 31], the purpose of this paper is to investigate
the following BVP for singular second order differential systems with
Laplacian operators

(p(H)o(z' (1)) + f(ty(t), ¥’ () =0, a.e.,t€(0,1),
(g®)v(y' (@) +g(t 2(t),2'(t)) =0, ae.,te(0,1),

‘ z(1) =37 biz(&) + B,
y(0) =321 ciy(&) + C,
y(1) =37 diy(&) + D

where
00<£1 < én < 1,AB,C,D € R, a;,b;,c,d; > 0 for all
1=1,- m;

o f and g deﬁned on (0,1) x Rx R, f is a p—Caratheodory function
and g a ¢—Caratheodory function (see the definitions in Section
2) and f, g may be singular at ¢t = 0, 1;

e both p and ¢ are continuous on (0, 1) and nonnegative, both p and
g may be singular at ¢t = 0,1 or vanish at t = 0, 1, i.e., limy_,o p(t) =
lim 1 p(t) = 0, lim¢— ¢(¢) = limy—1 g(t) = 0;

o ¢(z) = |z|" 2z with m > 1 and ¥(z) = |z[" 22 with n > 1 are
Laplacian operators and their inverse operators are denoted by
¢! and ¢! respectively.

A pair of functions z,y : [0,1] — R is called a solution of BVP(1.2)
it 2,y € CO0,1], 2',' € CO0,1), [po(), [a@(y) € L'(0,1) and all
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equations in (1.2) are satisfied, where C°(I) is the set of all functions
continuous on the interval I and L!(0,1) the set of all functions on
o :(0,1) — R such that fol lo(s)|ds < +o0.

Sufficient conditions for the existence of at least three solutions of
BVP(1.2) are established by using the five functional fixed point theorem
[2]. The Green's functions are not used in the proofs of the main results.
Different from [28-31], we don’t use the assumptions of the existence of
lower and upper solutions and f, g may be singular at ¢t = 0, 1.

The remainder of this paper is organized as follows: the preliminary
results are given in Section 2, the main results and their proofs are
presented in Section 3, and an example is given in Section 4.

2. Preliminary results

To the reader’s convenience, some background definitions in Banach
spaces and an important fixed point theorem are presented.

As usual, let X be a real Banach space. The nonempty convex closed
subset P of X is called a cone in X if ax € P and x +y € P for all
z,y € Pand a > 0, and x € X and —x € X imply x = 0. A map
¥ : P — [0,400) is a nonnegative continuous concave ( or convex )
functional map provided 1 is nonnegative, continuous and satisfies

Y(tr+(1—t)y) > (or < ) tp(z)+(1—1t)(y) for all z,y € P,t € [0, 1].

An operator T': X — X is completely continuous if it is continuous and
maps bounded sets into relatively compact sets.

Let c1,c2,c3,cq,c5 > 0 be positive constants, a1, as be two nonneg-
ative continuous concave functionals on the cone P, 31, 32, 83 be three
nonnegative continuous convex functionals on the cone P. Define the
convex sets as follows:

P, ={x € P:|lz|]| <cs},

P(fr,on5¢,¢5) = {x € P:an(x) = e, fi(z) < cs},
P(br, B3, ar5c,¢4,¢5) ={x € P an() = ¢z, B3() < ca, fr(2) < s},
QB B2;,c1,05) ={x € P fa(x) < c1, fu(x) < o5},

Q(B1, P2, a2 c3,¢1,¢5) = {x € P:ag(x) > c3, fo(x) < c1, Bi(x) < cs}
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LEMMA 2.1. ([2]) Let X be a real Banach space, P be a cone in X,
a1, s be two nonnegative continuous concave functionals on the cone

P, 31, 82,08 be three nonnegative continuous convex functionals on the
cone P. If

(A1) T: X — X is a completely continuous operator;
(A2) there exist a constant M > 0 such that

ar(z) < Pa(x), ||z|| < MBi(x) for all x € P;
(A3) there exist positive numbers ci, ¢z, ¢3, ¢4, ¢5 with ¢; < cg such that
(i) TP, C P..;
(i) {y € P(B1, 03, a1;¢2,c4,¢5)|a1(x) > co} # 0 and
a1 (Tx) > co for every x € P(fB1, B3, aq1;C2, Cq, C5);
(iii) {y € Q(B1, P2, a;c3,c1,¢5)|P2(x) < 1} # 0 and
B2(Tx) < c1 for every x € Q(B1, B2, az; c3, €1, C5);

(iv) aa(Ty) > co for y € P(B1, a1;ca,c5) with B3(Ty) > ca;
(v) B2(Tx) < ¢ for each x € Q(pP1, Ba; 1, c5) with ae(Tx) < cs.
Then T has at least three fixed points y1, yo and ys such that

Pa(y1) < c1, a1(y2) > c2, Palys) > c1, aa(ys) < ca.
A function F : (0,1) x R? — R is called a p—Caratheodory function
if
(i)t—F (t, x, m@ is measurable on (0, 1) for each z,y € R;
(ii) (z,y) — F (t,z, ¢! (p(t))y) is continuous for almost all ¢ € (0,1);
(iii) for each r > 0 there exists a function ¢, € L'(0,1) such that
|F (t, 2,07 (p(1)y)| < ¢r(t), t € (0,1), 2], |y <7
A function G : (0,1) x R? — R is called a ¢g—Caratheodory function if
(i) t = F (t, x, my) is measurable on (0,1) for each z,y € R;

(ii) (z,y) — F (t, x, my) is continuous for almost all ¢ € (0, 1);
(iii) for each r > 0 there exists a function ¢, € L1(0,1) such that

F (v )

Suppose that
(B1) f:(0,1) X [hg,+0) X R — [0,4+00), where hy = %, is a
p—Caratheodory function with f(¢,0,0) £ 0 on each sub-interval
of (0,1);

< ¢r(t), t € (0,1), [xf, |y] <.
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g:(0,1) x [h1,4+00) x R — [0, +00), where hy = = Zm ,is a
q—Caratheodory function with g(¢,0,0) # 0 on each sub- 1nterval

of (0,1);
(B2) p,q:(0,1) — [0,400) are continuous on (0,1), both p and ¢ may
be singular at ¢ = 0,1 or vanish at ¢t = O, 1, i.e. lithop(t) =
limy_,1 p(t) = 0, limy_ q(t) = lim;—1 ¢(t) = 0, fo (p(s ) ds <

+oo and folw_l( ()>ds<+oo
(B3) a;,bi,ciyd; >0 foralli=1,--- m;

B .
(B4i) > ai <1, 322 b <1and = Zz T = 1—2]:;.)";11)1-’
m m
(Bdii) >0, e <1, 2L di <1and 5 Zz & = 1-2}%”:111 '
(B4l) Z?ll a; <1, 2111 b; <1 and = Zz Ta; < -7, b
(B4ii) Y7y e <1, S di < 1and =& > 1*ZD?;1d
(B4l)// Z?il a; < 17 Z:ilb <1 and 1= Zz L 2 1— Zz b
. (&
(B4i))” 320 e <1, 302 di <1and 76 =10 El 1d
(B4i)1// Z:nlal<1 Z b <1and1 Zl 1(1121 ZBEnlb
(B4ii)/// Zz IC’L<1 ZZ ld <1and121 1022121 1d’

(B5) 0,0:(0,1) — [0, +00) are continuous functions and o, o € L(0, 1)
with o(t),0(t) # 0 on each subinterval of (0,1).
Choose
the limits lim ¢! (p(t))2’(t),
z € C0,1] =0

X=9 6’ e c00,1)

and %m% &~ 1(p(t))a'(t) exist

Define its norm by

[|z[| = [|#[|x = max { max |z(t)], sup ¢_1(p(t))|w’(t)|} :

t€[0,1] te(0,1)
It is easy to see that X is a real Banach space.
Choose

. the limits lim ¢~ (q(¢))y' (1),
y € C°0,1] =0

y=S 9570 :
vy e CO0,1) T tim 44 (q(t))y/ (1) exist
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Define its norm by
11l = [lylly = max { max |y(t)[, sup ¥~ (g(®)|y'(t)] ¢ -
te(0,1] te(0,1)

It is easy to see that Y is a real Banach space.
Then £ = X x Y with the norm ||(z,y)|| = max{||z||, ||y||} for
(z,y) € E is a Banach space.

Consider the following BVP

[P()o(u' ()] +o(t) =0, te(0,1),
(2.1) u(0) = 32 au(&),
u(l) = Y7 biu(€) + B — il A,
LEMMA 2.2. Suppose that (B2), (B3), (B4i) and (B5) hold. Then

(i) w € X is a solution of BVP(2.1) implies that u is concave with
respect to T, where T is defined by

T=1(t) = fo <p >d8
Jo ¢ ( )ds

(ii) u € X is a solution of BVP(2.1) implies that u is positive on (0,1);
(iii) Let k € (0,1/2). w € X is a solution of BVP(2.1) implies that u
satisfies that

min u(t) > p max u(t),
te[k,ll—k} () = Mte[o,)li} ®)

where p is defined by

Ak g1 (p(s )ds Sk (%) ds
2fo <p(s ) 5 2[0 (p(s )ds

(iv) uw € X is a solution of BVP(2.1) if and only if there exist unique
numbers A,, B, such that
(2.2)

u(t) = B, + /Ot Pt <p(13)) ot (Ao — /Osa(w)dw) ds, tel0,1],

where

4 = min

Aq € [6(My) & (M) + Jj o(w)du]
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such that

1:27” D iny G fol ¢! (19(%>¢ ! A —fO dw)d

i=1 i

=000 Jy 67 () @7 (g — f5 o(w)dw) ds

+3 0 b fgll ¢! (ﬁ) ¢~ (Ag — [ o(w)dw) ds

1-37 1 b
=B - - ZI”llazA

and B, satisfies

Sitqai fg et (Wls)) ¢~ (A — [3 o(w)dw) ds

(2.4) By = T
1=1""
with
=1 (& -1 (1 _ Y -t
=g Bk ot () oo (1= Bor) o ()

_ (1 Zz lal) (1 Zz 1 )
MO o (1 Zz lal)

Proof. Firstly we prove that u is concave with respect to 7. It is easy
to see that 7 € C° ([0, 1],]0,1]) and

o o) B[+ )e)

Since [p(t)p(u/'(t))] = —o(t) < 0, then we get p(t)d(u ’(t)) is decreasing
(non-increasing) on (0,1). Then (2.5) implies that ¢ (%) decreases as t
increases. By definition of 7, we know that 7 increases if and only if ¢
increases. Hence qb( ) decreases as 7T increases. So w is concave with
respect to 7 on [0, 1].
Secondly, we prove that wu is positive on (0,1). In fact, since

[p(t)p(u'(t))] < 0, we see that p(t)p(u(t)) is non-increasing on (0,1).
Then ¢~ (p(t))u/(t) is non-increasing on (0, 1). We prove that u’(0) > 0.
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In fact, if '(0) < 0, then v/(t) < 0 for all ¢ € [0, 1]. So

=Y (&) < au(0)
i=1 =1

It follows that w(0) < 0. On the other hand, we have from (B4i) that
SO
b; B — 414 >y biu(l).
; ugl + Z'n;laz _ZZ:; Zu()

We get u(1) > 0. Hence u(t) = 0 on [0,1]. Then o(t) = 0 on [0,1], a
contradiction. So u'(0) > 0.

Case 1. u/(1) > 0.

It is easy to see that w is increasing on [0, 1]. From

m
Z a;u 5@ > Z azu
= =1

we get u(0) > 0. One gets that u(t) > 0 for all ¢t € (0,1]. Otherwise,
there exists t9 € (0,1] such that u(tp) = 0, then u(t) = 0 on (0,
Hence o(t) =0 on (0, to], a contradiction.

Case 2. u/(1) <0.

It is easy to see that there tg € [0,1) such that u'(¢9) = 0. So

w)dw, t>E,
Pl(t)) = { ftfg )dw, t<E&. 5
Then
P O R (585 J¢ ow)dw) ds, > ¢,
u(0)+fg¢_1( S)fg dw)ds t<¢.
It follows that w(t) > min{u(0),u(1)} for all ¢ € [0, 1]. Hence

0) = Zaiu(&) > Zai min{u(0),u(1)}
i=1 i=1

and

Zbufz 1:§:nllbzx4>2b min{u(0),u(1)}.

We get that

m m

min{u(0), u(1)} > min {Z ai,y bZ} min{u(0),u(1)}.
=1 =1
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Thus min{u(0),u(1)} > 0. It is easy to show that u(¢) > 0 on (0,1).

Thirdly, we prove (iii). Let the inverse function of 7 = 7(t) be t =
t(r). It follows from above discussion that sup,cpqju(t) = u(to). One
sees

te[railrik] u(t) = min {u(k), u(l —k)}.

If min{u(k), u(l —k)} = u(k) = u(t(r(k))), we have tg > k. Then
for t € [k,1 — k|, one has

1—7(k)+7(t 7(k T(k
u(t) 2 u(t(r(k)) = w (¢ (L =i + e ()

Noting that 1 > 7(k) and u(t) is concave with respect to 7, then, for
telk,1-kl,

u(t) > S <t (1—7(2:()]1(750))) + ey (4 (7(t0)))

.
> Jo o7 (ﬁ) dsm“(fO) = [P, 1) ult)-

p(s)

Similarly, if min{y(k), y(1 —k)} = (y(t(7(1 — k))), we have to <1 — k.
For t € [k,1 — kK|, from 0 < k < %, one has

u(t) = u(t(r(1 - k)))

_ 147(to)—7(1—k) T(1—k) T(1—k)
(¢ (S e+ )

1+7(tg)—7(1—k 7(1—k T(1—k
> Bl (1 (o)) + o (¢ (7(00))

1-k ;1 1 1
>y @ (@) dSWU(tO)>MSUPte[O,1] u(t).

Hence (iii) holds.
Finally, we prove (iv). If u € X is a solution of (2.1), we get from
o € L*(0,1) that

p(t)cb(l/(t))Z}i_l)%p(tW(U’(t))—/o o(w)dw, t€10,1].

Then there exists an unique number B, = u(0) such that

)=o)+ [ o7 (55Y 6 (imptrot o) - [ oturan) ds
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The BCs in (2.1) imply that

w(0) = u(0) fjla

+Z§ a; fo& o1 (ﬁ) b~ <11mp(
and

+f01 - (p(s> ! (limy—o p(t)¢
= u(0) 3 b+ B - i

=1

+ > b fo <ﬁ)¢ <hmp(

It follows that

=1 p(s) t
1‘% bi
+B- —451—A
1-> a;
=1
Let
17% b 3 1(_1 1
_ =1 — 1 — o
G(C) - 1_§ o <Zzl a; fo (ZS (p(s)) (Zs (C fo U(U)du) dS)
i=1

= Jo ol

— J5 o(w)dw

= Jo ol

w)dw) ds

)ds

w)dw) ds.
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-5 b /m |
=—5 (Z a; fo& ¢t (ﬁ) ¢t (c— [y o(u)du) ds)

+ <1 -3 b,-) 0o (5t5) 71 (e Ji o(u)du) ds

m

m 1,1 1 . s l—iglbi
+2bife, b (@) ¢t (c— [yo(u)du)ds — | B— —5—A

m
i=1 1-3 a;
=1

It is easy to see that G(c) is increasing on (—oo,+00). Using (B5),
one gets easily that

G (¢ (Mp)) < 0,

and
G(MMM+[fdwm02w.

Hence we get that there exists a unique constant

mepwmwwm+fdmm]

such that A, satisfies (2.3) and A, = lim;_op(t)p(u'(t)). It is easy to
see that B, satisfies (2.4). These imply that u satisfies (2.2) and A, B,
satisfy (2.3) and (2.4).
On the other hand, if u satisfies (2.2) with A,, B, satisfying (2.3)
and (2.4), it is easy to show that u € X and w is a solution of BVP(2.1).
The proof is complete. O

Similarly we consider the following BVP
[a(@O)¥(v(t)] + o(t) =0, te€(0,1),

v(0) = g aivg;),
(2.6) =1

m 1—§ d;
v(l) = Y biv(&) + D — —5—C.
i=1 1-> c

\ =1

We get the following lemma:
LEMMA 2.3. Suppose that (B2), (B3), (B4ii) and (B5) hold. Then
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(i) v € X is a solution of BVP(2.6) implies that v is concave with
respect to ¢, where ¢ is defined by

I (3 )ds

fo (q(s )ds

(ii) v € X is a solution of BVP(2.6) implies that v is positive on (0, 1);
(iii) Let k € (0,1/2). v € X is a solution of BVP(2.6) implies that v
satisfies that

s=q(t) =

t) > t
weipin v(t) = v max v(t),

where v is defined by
v = min { Ol_k v <%) ds fok j (rb) ds } )
2f0 ( )ds 2f0 (()>d8

(iv) v € Y is a solution of BVP(2.6) if and only if there exist unique
numbers A,, B, such that

v(t) = B, + /Otw—l (q(ls)> Pt (AQ - /0 g(w)dw) ds, t€0,1],

where
A, € [w (No) % (No) + Ji! o dw]
such that
1= di m )
— ZCMZczfo Ha) v (Ae = Jy olw)dw) ds

F(1-Ea) Be () 0 (o fi etwiaw) ds

1—

+ v () v (Ao = Jy olw)dw) ds = D —

1—

3
&

ngEilN
IS s

Il
=

K3

and B, satisfies
docifgtv! (ﬁ)w (4o = J§ e(w)dw) ds

B _ =1
e m
1—262'
=1
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i=1
Let hy = —4—, hy = 9,1 and x(t) = u(t) + hy and y(t) =
l—glai Z
v(t) + he. Then BVP(1.2) is ransformed into the following BVP
([ (p(t)o(u'(1)))" + f (£, 0(t) + he,v'(£)) = 0, t € (0,1),
(g (0 () + g (t,ult) + ha, /() =0, ¢ €(0,1),
u(0) = ;aiu(&) v(0) = ;sz(&)
m 1—§ b;
B0 u) = S hu(e) + B~ —5-4,
-3 d;
(1) = Zdv(&)JrD— =—C
i= 1—_2101

Let k € (0,1/2). Define

u(t), ’U(t) > 07 tc [0’ 1]7
I t) > y

te{]?,llrik} u ) - uma'XtE[O,l] U( ),
I t) > ;

te[rl]cﬂ,llrik}v( ) > vmaxc[1) v(t),

u(0) = § aru(),
0(0) = § e (),

It is easy to see that P is a cone in the Banach space F.
Define the functionals on P — R by

—~

P =< (u,v) € E:

Bilu,v) = maX{ sup ¢~ (p(t)[u'(t)], sup @b‘l(Q(t))lv’(t)l}, (u,v) € P,

te(0,1) te(0,1)

Ba(u,v) = maX{tIGH[%\U()! e Kl )!}, (u,v) € P,
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fau,) = max { max o), max [o0] |, (u0) € P,

te€[0,1] te(0,1]
aa(w) = win{ min @l i 1)1} (@) € P
= i i t i t P.
aa(w) = win{ min (Ol min, )]}, (o) €

Define the nonlinear operator T': P — X by T'(u,v) = (Tyv, Tou)
with

(Thw)(t) = By + [g ¢! (ﬁ) ¢ (Ay — [ Fw, v(w) + ha, v/ (w))dw) ds,
(Tou) (1) = But+ f3 07 () 07 (Au = [ 9w, ulw) + b, ol (w))dw) s,
where Ava B’Ua Au, Bu Satisfy
1_7271: bi m L L
=1 i i L—
1-3 a; i=1 aily' ¢ (p(5)> (A= Jo £ ) + ha, v (w))dw) ds
=1
+ <1— ;b) J) ¢! (ﬁ)gb (Ay = [ F(w, v(w) + ho, v/ (w))dw) ds
+ ;bi fflz ¢t (ﬁ) N4y = 5 £( ) + ho, v/ (w))dw) ds
1‘% b;
=1
=B - 172?;1%14,
i @i fogl ¢! (p(ls))qu(Av_fos F(w,w(w)+he,v' (w))dw)ds
B, = e 7
and
1_i§1di S & -1 (_1 Ay
1*% ¢ z;Ci fO w <TS))¢ ( _fO )+h17 ( ))dW) ds

+<1 §d1> fo (ﬁ)'[ﬂ (Au — [5 g(w,u(w) + hy, v/ (w))dw) ds
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+2d; Sl (ﬁ) Ay — [2 g ) + hi, v (w))dw) ds
1— z d;
- D - 1- Zz 16 C7
S fot v (o )¢ (Au—f glwsu(w)+ho ! (w))dw)ds
B’LL - 1- Zz 16
with

Ay € 6 (Mo) 6 (Mo) + [ F(w,v(w) + ha, o/ (w))do]

Ay € [ (No) ¥ (No) + Jif glw, u(w) + hn, ' (w)duw)|

with M, My, N, Ny be define by

m

M- ;if () s (12350 ot ()

i=1

m ) 1 -1 1 o (1—22 ai)B—(l—Z?; bl)A
+ Z b; f& o) (@) ds, My = (11_2221 a,-)M : )

i=1

INgE!

1—
N 7
1—-

d;

Il
i

Ci %

'Ms

s
Il
=

8o (1 a)e

+zd Je vt () dss No = < S

LEMMA 2.4. Suppose that (B1), (B2), (B3), (B4i) and (B4ii) hold.
Then

(i) Thv, Thu satisty the following equalities:

o((Thv))) + f (t,v(t) + he,v' () =0, t € (0,1),
Y(Tow))) + g (t,u(t) + hy,d/(t)) =0, t € (0,1),

(Tyu)(0) = 3 ai(T1u) (&),



202 Xiaohui Yang and Yuji Liu

( m 1—§ b;
(Thu)(1) = ;bz‘(TW)(Ez) + B — 173?1& A,
(T)(0) = 3 ei(To0) &)

m 1—% d;
(Tov)(1) = - di(Trv)(&) + D — —7—C;
=1 171‘2::1 “

(ii) T'(u,v) € P for each (u,v) € P;

(iii) (x,y) is a solution of BVP(1.2) if and only if t = u+hy, y = v+ha
and (u,v) is a solution of the operator equation (u,v) = T(u,v) in
P;

(iv) T is completely continuous.

Proof. The proofs of (i), (ii) and (iii) are simple, To prove (iv), it
suffices to prove that 7" is continuous on P and for each bounded subset
D c P, T(D) = {T(u,v) : (u,v) € D} is relative compact. We divide
the proof into two steps:

Step 1. for (u,v) € P, since both f and g are continuous, we can prove
that T is continuous at y.

Step 2. We note that ) € FE is relatively compact if it is bounded equi-
continuous on [0, 1]. We need to prove that 7'(D) is relative com-
pact.

The proofs are similar to those of the proofs of lemmas in [16, 23, 26,
27] and are omitted. O

3. Main results

In this section, we give the main results under the assumptions (B1),
(B2), (B3), (B4i), (B4ii) and their proofs. Denote

B(m,n) = fol w™ (1 —w)" tdw for m,n > 0,

{4 = min { fo o (gt )ds Iy @ () } ;

0
Qfol ¢71(p(15))d5 7 2f01 ¢71(p(13)>d8

o mm{'g%(qé)ds o () }

e W
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S| 1 - a;&;
IL=/¢ (p(s)) ds + & <7,Z = 1@(5,))) ’
=1
ol 1 1 < szz
= Jy v () ds + —— ( X =itey ) -
1-3 ¢ \i=1
i=1
17% bi m m
_ = (& -1 (1 _ e Y
=g Badpo () e (1-£0) o (s
=1
m -3 a¢> Bf<1f§ bi>A
+ b; 1 —1(_1_ ds, M, _< i=1 _ i=1 ,
’L; fgz ¢ (p(3)> 0 (172 ai>M
=1
17% di m m
_ = &, —1 (1 _ AR By
N= l—il ¢ 1=1 ‘i fO w (q(s)) dst (1 z; dl) 0 ¢ <p(s)
=1
" 1—§f ¢ ) D— 1—§; FRYe.
i=1
( 1 p f w*(1—w)Pdw
. 5 ) J w*(1—w)Bdw 1—k .
Wi =pming [o7 | = ds, [ ¢~ P(s)
k 1
{ 2
( 1 3 f w(1—w)®dw
5 J wY (1—w)?dw 1-k i
Ws = v min fw_l 2 ) ds, [ ¥ Lz O]
k 1
2
¥ aif5 o7 (e s
L= - + 1) ds,
1 1_21‘%' fo (p(s) ’
ci fo 71<q(1s)>d8 1
_ ai= -1 1
Ly = . + fo <@) ds.

203

ds

ds
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THEOREM 3.1. Suppose that (B1), (B2), (B3), (B4i) and (B4ii) hold,
e1, €9, ¢ are positive numbers, «, 3,7,0 > —1. Let Q,W and E be given

by

O — min { 20=001)  vg-otn) (i) 000 v(if;) oo |
2B(atl,0+1)’ 2B(yF1,641)° 2B(atfLAtl) ’ 2B(yiLetD) (

o) —e(Mo) w( ) —w(No)
E:mln{ 1&?&21,&1) ’ 1(3€72J)rl,5+1) }

and

W:max{qb <6—2> w(g) ) T
wy ) Wa ) Mflgl_k(l&_l(']sl ko (lfw)gdw>ds ’

p(s)

(0 % Y
kalik"‘/’ﬁl(js:#)ds
If@Q > W and

c > max {M(), Ny, Hl My, H2 No}, er > max{LlMO, LQNQ},

C>672}>€2>61>0

min{u,v
and
(B6)
ft,w,2) < Qt*(1 —t)P for allt € (0,1),w € [ha,c+ hal, 2z € [—¢,c],
g(t,w,2) < Qt'(1 —t)° for all t € (0,1),w € [h1,c+ hi], 2 € [~¢, c;
(B7)
ft,w,z) > Wt*(1 —t)P for all t € [k, 1 — k], z € [—¢,d],
w e [€2+h2,m+h2} )

g(t,w,z) > Wt'(1 —t)° for all t € [k,1 — k], 2z € [—¢, ],

w € [62+h1,m+h1};
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(B8)
f(t,w,2) < Et*(1 —t)8 for all t € (0,1),w € [ha,e1 + hal, 2 € [—¢, ],
g(t,w,z) < EtV(1 —1t)° for all t € (0,1),w € [h1,e1 + hi], 2 € [—c, c;

then BVP(1.2) has at least three pair of solutions (x1,y1), (22, y2), (z3,y3)
such that

max x1(t) < ey + hy, max yi(t) < e1 + ho,
te[0,1] te[0,1]

min $2<t) > e+ hy, min y2<t) > eg + ho,
telk,1—kK] telk,1-k]

(3.1)

either max x3(t) > e; + hy or max y3(t) > e; + ha,
te[0,1] t€[0,1]

either min xz3(t) < e+ hy or min ys(t) < ez + ha.
telk,1—k] telk,1—k]

Proof. To apply Lemma 2.1, we prove that all hypotheses in Lemma
2.1 are satisfied.

By the definitions, it is easy to see that aj, s are nonnegative con-
tinuous concave functional on the cone P, 31, (32,33 nonnegative con-
tinuous convex functional on the cone P, and aj(u,v) < (2(u,v) for
all (u,v) € P. Lemma 2.3 implies that (z,y) = (x(t),y(t)) is a pair of
solutions of BVP(1.2) if and only if z(t) = u(t) + hi1, y(t) = v(t) + he
and (u,v) = (u(t),v(t)) is a pair of positive solutions of the operator
equation (u,v) = T'(u,v) in P and T is completely continuous.

We claim that

max |u(t)| <[, sup ¢~ (p(t))[u/ ()],

t€[0,1] te(0,1)

(3.2) for (u,v) € P.
max [v(t)] < [T, sup ¥~ (q(t))[v'(t)]
t€[0,1] t€(0,1)

In fact, for (u,v) € P, we have that

u(0) = Y aiu(&) = 0, v(0) = Y civ(&) =0,
i=1

i=1

we get that



206 Xiaohui Yang and Yuji Liu

0)—u(0) X" a;
1->"7" ai

— ‘Zz 1“7.”(52) U(O)Zl 1%

i= 1(11

u(O)] = |

= oy |07 @idi (mi)] where 1p; € [0, 6]

IN

s (S0 ey ) stprea) 67 () (1),
It follows that

u(t)] < [u(t) = u(0)] + |u(0)]

< i 1 (w)ldw + b (S =Sy Sup o PO ()

< Jy o™ (5t5) 7 () ! (w)dw

s (S0 =55 ) swpeoa 6~ () (1)

max |u(t) |<H sup ¢~ (p(t))|u/(t)]-

t€[0,1] 1 te(0,1)

Similarly we get that
max [v(t \<H Supw @) @)].

te[0,1]

Hence (3.2) holds. It follows that

[|(u, v)]] = max { max [u(t)], sup ¢~ (p(t))|u'(¢)],

te[0,1] te(0,1)
(3.3)

max [v(t)], sup ¢‘1(Q(t))lv’(t)!} < max{[],,[[o}61(u,v)

t€[0,1] te(0,1)

for all (u,v) € P. From the above discussion, we see that (A1) and (A2)
of Lemma 2.1 are satisfied.
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Now we prove that (A3) holds. Corresponding to Lemma 2.1, choose
€2
min{y, v}’
One sees that ¢; < ¢y since e1 < e9. The remainder is divided into five

steps.

cp=e1, ca=ey, c3=min{y,vle;, ¢4 = c5 = c.

Step 1. Prove that TP., C P.;
For (u,v) € P.,, we have ||(u,v)|| < c. Then

0 <u(t),v(t) <e, —c<o pt)u(t),v 1 (q(t)v'(t) < cforall t € (0,1).
So (B6) implies for ¢ € (0,1) that

£ (8000 + ha. oo™ ((O)1(1)) 2 Qi1 - 1),
f
g (#u(®) + b1, ety @) = QO - 1)

Lemma 2.2 implies
1
Ave o). 00 + [ sl 0(w) + hat/ ().
0
The definition of T; imlies that

o= (D) (T1) () = ¢~ (Av - [ st + hz,vl(w))dw> .
Then
STy (0 < 671 (A + fi Fw,v(w) + ha.v'(w))dwo)

< o7t (6(Mo) +2 J; flw,v(w) + ha, v (w))dw)

<o (0(My) +2Q J 5°(1 - 5)7ds)

= ¢ (p(Mp) +2QB(a+ 1,3+ 1))

<ec.
On the other hand, we have from T'(u,v) = (Tyv,Tou) € P and (3.2)

that
[(Tav) ()] < T1, supse(o,1y o~ (p(1)|(Thv) (#)]

<TL o (¢(Mo) +2QB(a+ 1,6+ 1)) <c.
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It follows that

[ Tyv]] = max { max |(T1v)(t)], sup ¢_1(p(t))|(Tw)/(t)l} <ec

t€[0,1] te(0,1)

Similarly we get that
| Toul| = max { max |(Tou)(t)], sup &~ (q(t)|(Tow)' (1)] § < e
t€[0,1] te(0,1)

Then
[T (u, v)|| = max {[|T1v|], || T2ul|} < e

So T(P.,) C P.,. This completes the proof of (A3)(i) of Lemma 2.1.

Step 2. Prove that {(u,v) € P(B1, (3, a1; 2, ¢4, c5)|a1(u,v) > co} #
() and

a1(T'(u,v)) > ¢y for every (u,v) € P(B1, B3, a1; 2, ¢4, ¢5);
It is easy to show that {(u,v) € P(0i,0s,a1;c2,cq,c5)|a(u,v) >

co} # 0.

For (u,v) € P(pB1, (3, a1;ca, ¢4, ¢5), one has that

ay(u,v) = min {minye (1 g w(t), mingep g v(t) } > e,

B3(u,v) = max {maxte[o,l} u(t), maxe(o, 1] v(t)} < m,

B (u,0) = max {supreo.) 6 () (1) supre o, ¥ @) (D)} < .

Then
e2 <u(t),v(t) < —P2—, t €[k, 1 -k,

= min{p,p}’

¢~ P )], v~ Ha®) ' (t)] < et € [0,1].
Thus (B7) implies for t € [k, 1 — k| that

£ (#:0(0) + ha. grbo ™ OW(1)) = W (1= 1),
g (tu(t) + b, gt O () 2 WL - 1),

Since T'(u,v) = (Thv,Tou) € P, we get
o1 (T (u,v)) = min {minep, 1 (T10) (¢), mingepy, g (Tow) (£) }

> min { pmaxep1)(T10)(t), v maxeio 1) (Tou) (t) } -
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We can prove that (Thv)'(0) > 0. In fact, if (7T3v)'(0) < O then
(Thw)'(t) < 0 for all ¢ € [0,1] by the fact [p(t)p((Tiv)'(t))] < 0 and
p(t)p((Thv)' (t)) is decreasing with p(0)¢((T1v)'(0)) < 0. So, using Lemma
2.4,

(T10)(0) =) _ai(T1v)(&) < Y ei(Tiv)(0).
i=1 i=1
Then (T1v)(0) < 0. Similarly we get that
(Tyv)(1 Zd (Tyv) &)+D—1_271do>2d (Tyv)(1).
=1 o Zl 1 G =1

It follows that (Thv)(1) > 0. Together with (Thv)(0) < 0, we get
(Thv)(t) = 0 on [0,1]. This contradicts to (Tyv)'(¢) < 0 for all ¢t € [0, 1].
Hence (Tyv)'(0) > 0.

Case 1. there exists £ € [0, 1] such that (Thv)'(¢§) = 0. Then the
definition of 77 implies that

) JE Flw, v(w) + ha, o' (w))dw, t > €,
o((Thv)'(t)) = {ft ¢ (w) + ho,o! (w))dw, £ < €.

max (T10)(t) = (Ti0) (1) + ¢ 671 (55 J¢ S (w, v(w) + ha, o' (w))dw) d

((T10)(0) + fo ( (13) ff f(w,v(w) + ha, v’(w))dw) ds.
Then (T7v)(0) > 0 and (7T1v)(1) > 0 imply that

i >
e pin k](Tw)(t) > utgl[g%(T 1v) (1)

z,u,max{f;(b* ( O] fg w) + hg, v'(w ))dw) ds,

foé ¢t (ﬁ ff f(w,v(w) + ha, U'(ﬂ}))dw) ds} .
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It is easy to see that
S o7t (55 Je £, v(w) + o, o (w))dw) ds
> [i g (ﬁ J3 F(w,v(w) + ho, o/ (w))dw) ds
if € < 5 and
Joo! (ﬁ 5 f(w, v(w) + ha, o' (w ))dw) ds >
J2 67 (g S P, 0w) + oo () ) dis
if ¢ > 1. We get that

3 1— k
>
min (T) (1) = pmin {1670 (G I3 £, o(w) + ho,of () ds,

J2 07 (5 S £l v(w) + B, (w)dw) ds}
% %w w fl w®*(1—w)Pdw
>,umin{]{¢>1 (WW) f o 1( P(S)) ds}

Case 2. (Thv)'(t) > 0 on [0, 1]. From Lemma 2.4(i), we get

p(H)S((Trv) () = p(1)$((T1)'( / £ (w, 0(w) + ha, ' (w))duw.

So

(Tﬂ))(t) _ (Tlv)(O) + f(;f (;5_1 <P(1)¢((T1U +f fw,v(w)+ha,v (w))dw> ds.

p(s)

Hence

i T > T
tefiflfik]( 10)(t) utgl[%( 10)(t)
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_ Tiv) L Fw,v(w)+he v (w))dw
S 1<p<1>¢><< LY U () ' () >ds

-k ,_ 1=k w,v(w)+ho,v (w))dw
Zufklk¢1<fs ot} ) )ds

— =k prw® (1—w)Bdw
e (B

Similarly we get that 1[%111n k](Tgu)(t) > eg. It follows that oy (T'(u, v)) >
telk,1—

¢y for every (u,v) € P((, 03, a1;¢2, 4, c5). This completes the proof of
(A3)(ii) of Lemma 2.1.

Step 3. Prove that {(u,v) € Q(B1, B2, a2; c3,¢1,¢5)|P2(u,v) < c1} #
¢ and

Bo(T'(u,v)) < c1 for every (u,v) € Q(B1, B, az; €3, ¢1,C5);

It is easy to show that {(u,v) € P(f1, 02, a2;c3,c1,¢5) @ a(u,v) <

e} # 0.
For (u,v) € Q(B1, B2, a2; c3,c1,¢5), one has that

mm{ u(t), min v(t)} > ca,

te[ J1—k] te[kl k]

= max{max u(t), max v(t)} <c,
t€0,1] te[0,1]

Bi(u,v) = max{ sup ¢~ (p(t))|u'(t)|, sup w_l(q(t))|v’(t)]} < cs.

t€(0,1) te(0,1)
Then
0 <wu(t),v(t) <er, ¢~ W) O™ @@ (t)] <e te[0,1].
Thus (B8) implies that
F(t,v(t) + he, ' (1)) < EO(1—1)°, te(0,1).
We note that

1
Ay € | (M), ¢ (M) +/0 fw,v(w) + ha, v (w))dw| .
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So
(Th)(t) = By + [y ¢! (p(ls)) V(A4 =[5 fw,v(w) + ho, v/ (w))dw) ds

§ a; [gto ! <p(1s))¢’1 (Av—fos f(w,v(w)-l—hg,v’(w))dw)ds

1_‘21:1%
s o7 () 671 (Au = 5 Flw,v(w) + ha, o (w)duw) ds
> ai [t o7 (555 )ds
<& m<_“) o7 (B(Mo) + fy J(w, v(w) + ha, ' (w))dw)

+ fol ot (ﬁ) ds¢p~? <¢(M0) + fol fw,v(w) + hQ,v'(w))dw>

ﬁ ai./;)&i d)*l( (1S)>ds
[Zl e o 07 () ds

xgL (6(Mo) + Jy Bw*(1 - w)’dw)

IN

gj aifoi(fl(z)(t))d
i=1 s —l—fo (%) ds

><¢71 (¢(M0) + EB(a +1,8+1) <e =c.

Hence max (T1v)(t) < ¢;. Similarly, we have max (Tou)(t) < ¢1. It
te[0,1] te[0,1]

IN

) )

follows that (2(T'(u,v)) < ¢;. This completes the proof of (A3)(iii) of
Lemma 2.1.

Step 4. Prove that oy(T(u,v)) > co for (u,v) € P(B1,a1;c2,¢5)
with G3(T(u,v)) > ca;
For (u,v) € P(B1,au1;c2,c5) with B3(T(u,v)) > ca, we have that

frd 1 t i t > —
aq(u,v) mm{te[riuln k]u( ) te%l?,llrik]v( )} > o= e

Pi(u,v) ZmaX{ sup ¢~ (p(t))]y'(t)], sup w‘l(Q(t))lv’(t)l} < ¢

te(0,1) te(0,1)
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and
B3(T(u,v)) = max {tren[aa’%(Tlv)(t),tlél[g’)f](Tzu)(t)} > min{p o 4.
Then

(T (u0) = min{_min, (T30)(0) w11 (T30

.
> min { e e, (Tio)(0).v max (Ta)(o)}

> min{p, v} B2 (T (u,v)) > min{pu, V}ﬁ = ey = Ca.
This completes the proof of (A3)(iv) of Lemma 2.1.
Step 5. Prove that fo(T'(u,v)) < ¢ for each (u,v) € Q(B1, B2;¢1,¢5)

with as(T'(u,v)) < cs;
For (u,v) € Q(B1, Pa2; c1,¢5) with ag(T'(u,v)) < c3, we have that

o . : <
B2(u,v) = min {te[r]gl’llrik]u(t),tef]gllrik]v(t)} <e

and
Br(u,v) —maX{ sup ¢~ (p(t))|u'(t)], sup wl(Q(t))\v’(t)l} <¢
t€(0,1) te(0,1)

and

as(T(u,v)) = min {tefl?,lllik] (Thv)(t) teﬁl,llIlk}(TQU)(t)} < cg = min{u,v}e;.

Since T'(u,v) € P, we get

(T, = ma { e (730) (). s (T |

1 . . .
< sty min { i (T)(0). _pin, (T)(0)}

1 : —
< mmtast min{u, vie; = ¢.

This completes the proof of (A3)(v) of Lemma 2.1.
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Then Lemma 2.1 implies that 7" has at least three fixed points (u;,v1),
(ug,v2) and (us3,v3) such that

B2(u1,v1) = max {gg{gfﬁ ul(t),trél[(&)m?l(] U1 (t)} < ey,

aq(ug,vy) = min{ min wuy(t), min Ug(t)} > eg,
telk,1—k| telk,1—kK]

B2(us,v3) = max {tlen[aaflc} ’U,g(t),tlél[g’)li] vg(t)} > eq,

_v3) = mi i £), mi )Y < e

a1 (us,v3) = min {teﬁl,lllik} us(t) tefl?,llllk] v ( )} e

Hence BVP(1.2) has three decreasing positive solutions (x1, y1), (22, y2)
and (z3,ys) such that

max {;glﬁ)lc} [x1(t) — hq], tréa[(zi)li] [y1(t) — hg]} < ey,

min {te[rl?,ilnk] [xg (t) — hl], te[rl?,llrik} [yg (t) — hQ]} > e,

t)—h t)—h
max {tren[%[wg( ) 1]’53[3,)1(][%( ) 2]} > eq,

. : D hl i I
min {teﬁiﬁ? Joa) = hal,_min (0 g]} o
Hence BVP(1.2) has at least three pair of solutions (z1,¥1), (z2,y2) and
(x3,y3) satisfy (3.1). The proof of Theorem 3.1 is completed. O

REMARK 3.2. Similarly we can establish existence results for BVP(1.2)
under the assumptions (B1), (B2), (B3), (B4i)/, (B4ii)’, assumptions
(B1), (B2), (B3), (B4i)”, (B4ii)”, the assumptions (B1), (B2), (B3),
(B4i)", (B4ii)", respectively. We omit the details.

4. An example

Now, we present an example to illustrate the main result: Theorem
3.1.
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ExamPLE 4.1. Consider the following BVP of the second order dif-
ferential system

2 +t72 (1= 1) 2 F(ty(0).y' (1) = 0, t€ (0,1),
y'+t71(1—t)T1G(t,x(t),2'(¢)) =0, t e (0,1),
(4.1) z(0) = %x(l/Q) + %
z(1) = %x(l/zl) + Zx(1/2) + 2
u(0) = Ju(1/2) + 1
[ (1) = 5y(1/4) + 5y(1/2) +1
where
t|2] tz]
Ft,w,z) = folw) + g5 7> Gl w,2) = go(w) + o= =g
and
0.159, wel0,4/3],
0.2121, u € [4/3,10/3],
- 252830+156768 —0.2121 10 10 3004
folw) = ¢ 0.2121 + —@ =573 (u—3), wel3, 5],
w = [30304’107_1_%] ’
252850—51567686u—107—4/37 uw>1074+4/3
and
0.106u, € [0,4],
0.2121, € [4,6],
2528304156768 —0.2121
go(w) = 2 oG (u—1004), € [6,1000 + 4/3],
2528304 156768 u € [1000 + 4/3,107 + 4],
252830—5156768 eu710774, u> 107 + 4.

Corresponding to BVP(1.2), one sees that
p(x) = (x) =z, p(t) =q(t) =1, & = 1/4,6 = 1/2,
a; =0,a2 =1/2,by = 1/4,bo =1/4, ¢1 =0,c2 = 1/4,
d=1/8,de=1/8, A=2,B=8,C=1,D=1
and
Fltbw,2) =t 2(1 —t) 2 F(t,w,z2), g(t,w,2z)=t"1(1—t)"1G(t,w,z).

Use Theorem 3.1. One sees that (B1), (B2), (B3), (B4i) and (B4ii)
1 1
hold, i = 35 =4, ha =9 =3, a=0=—3,7=0=—1.

M\»—A/-\



216 Xiaohui Yang and Yuji Liu

Choose constants k = l o1 =269 = 1037 . 1077 then
= mi (;Dl)>ds /0 (p )ds 1
M—mln{z[o <<s>>ds 2fo ( )ds =3

M= Jyo” () o e (& i) =4

M= Jo 7 (7) v+ - (& st =3

= Bt ) (1 B o i)
L

We g Bttt (i) are (1 B ) o o) o
et e n- LS EE

IO LR
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1 s
% ) fiw“/(l—w)‘sdw 1-k . %fuﬂ(lfw)‘sdw
W5 = vmin A’[Qﬁi = ) ds, ‘1[ P~ a0 ds
2
1 8
> 5\ 3

Note B(1/2,1/2) ~ 3.1416 < 3.142,B(3/4,3/4) ~ 1.6944 < 1.695. We
get

Q = min { 2E=60%0) ¥ —6(No) o(1fr) —¢(Mo) ¥ (gf;) —o(No)
= M 3B(a+1,5+1) 2B(Y+1L,0+1)* 2B(a+1,B+1) * 2B(y+1,0+1)

. 333333 428571 . 1333333 428571 )
= mln{B(1/2,1/2)’ B(3/4,3/4)} > min {575, Foos ) = 252830;

(£)-oMo) w(L)-w(No)

e . .
E= mm{ Bfolz+1,ﬁ+1) » TB(+1,0+1) } = mln{33(1/2,1/2)v 7B(3}Z,3/4)}

> (0.4243,

- ez ez )
W_max{¢(wl)a 1/}(1/1/2)’ ¢ 1*’€¢71<M>d5 )

p(s)
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S < 64000v/6 < 156768.
,,f;—kw_l<m>ds

a(s)
If Q> W and
c > max {Mg, Ny, Hl My, H2 No}, ey > maX{LlMo, LQN()},

€
c > min{i,y} > €2 > €1 > O

and
(B6)

flt,w, 2) < Qt*(1 —t)?,t € (0,1),w € [4/3,107 +4/3],z € [-107,107],
g(t,w,z) < Q1 —1)°,t € (0,1),w € [4,107 4+ 4], z € [-107,107];

(B7)

flt,w, 2) > Wtr(1 — )5t € [1/4,3/4], 2 € [-107,107],

w € [10% 4 4/3,8000 + 4/3]

g(t,w,z) > Wt (1 —t)0,t € [1/4,3/4],z € [-107,107],w € [1004, 8004] ;
(B8)
ft,w,2) < Et*(1 — )8t € (0,1),w € [4/3,10/3],z € [-107,107],

g(t,w,2) < E/(1—1)°,t € (0,1),w € [4,6],z € [-107,107].
Then applying Theorem 3.1 BVP(4.1) has at least three solutions
(x1,91), (z2,y2) and (x3,y3) such that

max z1(t) <e1+hy =6, max y1(t) <e —i—h:@7
e 1(t) <e1+m te[o’l]?Jl() 1 +hy =X

min x9(t) > ex + hy = 1004, min  yo(t) > eg + hy = 103 + %,
te[1/4,3/4] te[1/4,3/4]

te€[0,1]

)

either max x3(t) > e; +hy =6 or max] ys3(t) > e1 + he = %,
te

either min x3(t) < ea + hy = 1004,
te[1/4,3/4]

i t) < hy = 103 + 4.
or te[{r/lig/4]y3() ea + ha +3
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REMARK 4.2. One can not get three solutions of BVP in Examples
4.1 by using the theorems obtained in papers [28-31].
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